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ABSTRACT
Solar energetic particles acceleration by a shock wave accompanying a coronal mass ejection (CME)
is studied. The description of the accelerated particle spectrum evolution is based on the numerical
calculation of the diffusive transport equation with a set of realistic parameters. The relation between
the CME and the shock speeds, which depend on the initial CME radius, is determined. Depending
on the initial CME radius, its speed, and the magnetic energy of the scattering Alfve´n waves, the
accelerated particle spectrum is established during 10–60 minutes from the beginning of CME motion.
The maximum energies of particles reach 0.1 – 10 GeV. The CME radii of 3 – 5 R⊙ and the shock
radii of 5 – 10 R⊙ agree with observations. The calculated particle spectra agree with the observed
ones in events registered by ground-based detectors if the turbulence spectrum in the solar corona
significantly differs from the Kolmogorov one.
Subject headings: acceleration of particles — shock waves — Sun: coronal mass ejections (CMEs) —
Sun: particle emission — Sun: corona
1. INTRODUCTION
In the last two decades, it has been found that solar
energetic particles (SEPs) in gradual events are gener-
ated from particle acceleration by shock waves accom-
panying coronal mass ejections (CMEs) (see reviews by
Reames 1999; Lee 2005, and references therein). It was
confirmed by both the correspondence of the solar corona
composition with the SEP composition, on average, and
a close association of gradual events with CMEs. Obser-
vations show that SEP generation occurs in the vicinity
of the Sun. SEP injection into interplanetary space be-
gins about 0.2–1 hr after the beginning of CME motion
(Kahler 1994; Krucker & Lin 2000). At the beginning of
SEP injection, the CME radius is 3 – 5 R⊙, where R⊙
is the solar radius. The injection of SEPs with εk > 50
MeV nucleon−1 has a characteristic behavior: a fast in-
crease to the maximum value is followed by an exponen-
tial decrease. Here, εk is the kinetic energy per nucleon.
At the same time, the higher εk is, the earlier the injec-
tion reaches its maximum value, and the characteristic
decreasing timescale t∗ ∝ 1/εk. In the events registered
by ground-based detectors (GLE; εk > 1 GeV) the injec-
tion reaches its maximum value when the CME radius is
within 4 – 30 R⊙ and t∗ ∼ 1− 10 hr. The SEPs injected
during a decreasing phase are generated in the regions
within 5 – 30 R⊙. All observations of SEPs in grad-
ual events imply that particle acceleration occurs in the
region from 2 to 30 R⊙ (Lee 2005). The particles effec-
tively accelerates at the shock front because of a rather
high level of background and self-consistently generated
turbulence, as well as the high CME speed.
In interplanetary space, acceleration efficiency signifi-
cantly decreases since the level of background turbulence
(Bieber et al. 1994) is much less than in the solar corona.
Thus, the SEPs accelerated in the solar corona escape
from the vicinity of the shock front. The temporal be-
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havior of SEP flux in gradual events at the Earth’s orbit
depends on particle energy. The flux of SEPs with en-
ergies (10 < εk < 50) MeV nucleon
−1 after increasing
remains almost constant until the shock front reaches
the Earth’s orbit— the region of a plateau in the tem-
porary event profile (Reames 1990). The flux of SEPs
with εk < 10 MeV nucleon
−1 after the plateau region in-
creases, reaching the maximum value at the shock front
— the region of energetic storm particles (ESPs) (Lee
1983). After passing the shock front, SEP spectra ex-
ponentially decrease with time at scales t∗ ∼ 1 − 10 hr,
retaining their power-law shape— the region of invariant
SEP spectrum decrease (Reames et al. 1997).
There are different approaches in theoretically describ-
ing SEP generation and propagation. Zank et al. (2000)
presented the model of proton acceleration at the ex-
panding shock wave; it is an analogue of the model used
by Bogdan & Vo¨lk (1983) to describe the particle ac-
celeration in supernova remnants. In the solution, the
accelerated particle spectrum at a plane shock is used,
which is subsequently modified by diffusion, convection,
and adiabatic energy losses in the expanding spherical
CME volume. They assume that the generation of self-
consistent turbulence is very effective that the diffusion
coefficient reaches the Bohm limit. The model results
and observational properties of some gradual events are
generally in agreement. An analytical theory of ion ac-
celeration at spherical shock waves was presented by
Lee (2005). The theory is based on works (Lee 1983;
Gordon et al. 1999) containing coupled ion acceleration
and wave generation at the plane shock front. The
achievement of this new theory is that it includes a con-
tinuous transition from the region with frequent particles
scattering near the shock front to the region with almost
free propagation far from the shock front. The theory’s
simplification is reached by using of stationary particle
spectra and self-consistent waves during the entire time
of the shock movement.
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Particle acceleration based on the numerical solu-
tion of the diffusive transport equation under the so-
lar corona conditions was considered in the works of
Berezhko & Taneev (2003, 2013). Both linear and non-
linear cases of the problem are considered with the self-
consistent turbulence generation by the accelerated par-
ticles. The parameters of the model are determined from
the comparison of the calculated particle spectra with
SEP spectra in gradual events. These models did not
take into account the following: (1) CME influence on
the shock speed, (2) influence of the region behind the
shock front on particle acceleration, and (3) dependence
of the accelerated particle spectra on the initial CME
radius in the solar corona.
Here we present the results of a linear model of parti-
cle acceleration at an expanding spherical shock wave in
the the solar corona. The spectra are determined by nu-
merically solving the diffusive transport equation. In the
calculations, we use the relation between the CME and
the shock speeds determined by the solution of the gas-
dynamic equations. The influence of the region behind
the shock front on particle acceleration is investigated.
The dependence of particle spectra on the initial CME
radius is explored. The model parameters are determined
by comparing the calculated particle spectra with SEP
spectra in gradual events. An accuracy estimate of the
code is given in the Appendix.
2. MODEL
We suggest that the SEP acceleration occurs in
the region limited to a few solar radii (Kahler 1994;
Krucker & Lin 2000; Reames 2009). We also take into
account that (1) the magnetic field is radial in the accel-
eration region (Sittler & Guhathakurta 1999), (2) high-
energy particles in the solar atmosphere are strongly
magnetized, so that κ⊥/κ‖ ≪ 1, where κ⊥ and κ‖ are
the diffusion coefficients across and along the magnetic
field, respectively. In this case, the particle acceleration
in the central part of the shock weakly depends on its
configuration and is the same as in the spherical sym-
metric case. The corresponding transport equation for
the isotropic part of the distribution function f(p, r, t) is
∂f
∂t
=
1
r2
∂
∂r
(
κr2
∂f
∂r
)
−w′ ∂f
∂r
+
1
3r2
∂f
∂r
(
w′r2
)
p
∂f
∂p
+Q,
(1)
where κ is the diffusion coefficient along the magnetic
field; p, r, t are the momentum, radius and time, respec-
tively; w′ = w+cc is the velocity of the scattering centers;
w is the plasma flow velocity; Q = Q0δ (r −Rs) is the
particle source concentrated at the shock front; and Rs is
the shock front radius. We assume that the shock front
and the CME (piston) are segments of spherical surfaces
with radii Rs, Rp, respectively. Particles are scattered
by Alfven waves moving along the magnetic field lines in
opposite directions. The velocity of the scattering cen-
ters cc in the region ahead of the shock front (r > Rs)
is determined as cc = ca (E
+
ν − E−ν ) /Eν = caδν , where
E+ν , E
−
ν are the Alfven waves’ magnetic energy densi-
ties over frequency, moving from and to the Sun, respec-
tively; Eν = E
+
ν + E
−
ν ; ca = B/
√
4piρ is the Alfven
speed; B is the magnetic field strength; ρ is the plasma
density; and ν is the frequency. In the region be-
hind the shock front (r < Rs), the directions of wave
propagation become isotropic (E+ν = E
−
ν ), resulting in
cc(r < Rs) = 0. The plasma velocity u = Vs − w and
the velocity of the scattering centers u′ = Vs − w′ in
the shock rest frame changes abruptly from the values of
u1 = Vs − w|Rs+0 and u′1 = Vs − w′|Rs+0 at r = Rs + 0
to u2 = u
′
2 = u1/σ at r = Rs − 0, where Vs is the
shock speed; σ = (γg + 1)M
2
1/
(
2 + (γg − 1)M21
)
is the
shock compression ratio; γg = 5/3 is the adiabatic index;
M1 = u1/c1s is the sonic Mach number; c1s =
√
γgP1/ρ1
is the sound speed; and P1 is the gas pressure. Subscripts
1 and 2 correspond to the values in the regions ahead of
and behind the shock front, respectively. Taking into ac-
count a step-like change of the parameters, from equation
(1) we can obtain the relationship between distribution
functions:(
κ
∂f
∂r
)
|Rs+0
−
(
κ
∂f
∂r
)
|Rs−0
+Q0 =
u′1 − u2
3
p
(
∂f
∂p
)
|Rs
.
(2)
The source term Q0 = u1Ninjδ (p− pinj) /(4pip2inj) pro-
vides an injection of some fraction η = Ninj/N|Rs+0
of particles crossing the shock front into the accel-
eration process, where N|Rs+0 is the upstream parti-
cle number density; we call η the injection rate. For
the injection momentum, we use pinj = λmcS2, where
λ is the numerical factor, m is the ion mass, and
cS2 = u1
√
γg (σ − 1) + σ/M21 /σ is the sound speed be-
hind the shock front. Kinetic simulations suggest that
for parallel shocks, a fraction of about 10−4 – 10−3 of
the particles crossing the shock is injected into the ac-
celeration process with momentum pinj = 3 – 4mcS2
(Caprioli & Spitkovsky 2014). To fit the data by am-
plitude (see Figure 12), in our calculations we use values
of η = 10−3 and λ = 3, which are in good agreement with
the results of the kinetic simulations. The source term
determines the amplitude of the distribution function at
the shock front for a given injection momentum:
f (pinj, Rs, t) = 3u1ηN|Rs+0/
(
4pi (u′1 − u2) p3inj
)
. (3)
The diffusion coefficient is determined by the relation
(Lee 1982)
κ = v2B2/
(
32pi2ωBE
(
k = ρ−1B
))
, (4)
where v is the particle speed, ωB = eB/(γmc) is the gy-
rofrequency, e is the elementary charge, γ is the Lorentz
factor, and E (k) = d
(
δB2/8pi
)
/(d ln k) = νEν is the
differential density of the Alfven wave magnetic energy
over the logarithm of the wave number k. Particles are
scattered by Alfven waves whose wave number of is the
inverse gyroradius k = ρ−1B .
In our model, the CME and shock front are rep-
resented by segments of heliocentric spherical surfaces
with different radii. However, LASCO white-light ob-
servations show that the CME shape is not spherical.
The diffusive shock acceleration is much effective at
the quasi-parallel part of the shock (the magnetic field
is radial), which corresponds to its central part. At
the periphery of the CME, the shock becomes quasi-
perpendicular and acceleration is not effective (see, for
example, Caprioli & Spitkovsky 2014). Since particles
are strongly magnetized (κ⊥/κ‖ ≪ 1), the assumption
that the shock front is spherical does not affect particle
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Fig. 1.— Shock speed Vs as a function of its radius Rs for various
initial CME radii Rp0. Curves 1, 2, and 3 correspond to Rp0 =
=1, 2, 3, respectively. The CME speed (Vp) is constant and equals
1000 km s−1.
acceleration. Therefore, the heliocentric spherical sur-
face segment of the shock in our model corresponds to
the region of effective particle acceleration.
3. SOLAR ATMOSPHERE PARAMETERS
For the spatial distribution of the proton number
density in the solar atmosphere, we use the empiri-
cal model by Sittler & Guhathakurta (1999): n (r) =
n⊙a1e
a2zz2P (z), P (z) = 1 + a3z + a4z
2 + a5z
3, where
z = r/R⊙, a1 = 1.3033×10−3, a2 = 3.6728, a3 = 4.8947,
a4 = 7.6123, a5 = 5.9868, and n⊙ = 2.5× 108 cm−3.
It is assumed that the solar corona density is deter-
mined only by protons: ρ = mpn. To determine the
plasma flow velocity, we apply the flow continuity con-
dition w (r) = w⊙n⊙R
2
⊙/(nr
2), where w⊙ = 0.52 km
s−1, which corresponds to w (re) = 400 km s
−1, where re
is the astronomical unit. Moreover, we use the isother-
mal atmosphere temperature of T⊙ = 1.6 × 106 K and
the spatial distribution of the radial magnetic field of
B (r) = B⊙(R⊙/r)
2, B⊙ = 2.3 G (Hundhausen 1972).
The CME speed (Vp) is determined from observations.
The relation between CME and shock speeds is calcu-
lated from the linear case of the spherical symmetri-
cal problem formulated in (Berezhko et al. 1996). The
CME is represented as that moves with constant veloc-
ity from the initial time. During the piston movement in
the medium, with a given density and plasma velocity,
the shock radius and velocity are determined by calcu-
lating the gas-dynamic equations. In Figures 1 and 2 the
calculation results for Vp = 1000 km s
−1 are shown. As
we can see, the shock speed depends on the initial pis-
ton radius. At the beginning, the shock speed rapidly
increases and then remains almost constant. The ratio
between the stable speeds can be presented as Vs = αsVp.
For Rp0 = 1, 2, 3, the corresponding values are αs = 2.6,
1.7, 1.5. Hereinafter, the values of Rp0, Rp, and Rs are
given in R⊙. Figure 2 shows the temporary dependence
of Rp and Rs for three initial CME radii. The flow ve-
locity between Rp and Rs for all three cases is close to
linear with the radius.
The energy spectrum over frequency in the range ν1 ≤
ν ≤ ν0 may be expressed as (Suzuki & Inutsuka 2006)
Eν = Ev0(ν/ν0)
−β
(r/R⊙)
−δ
, (5)
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Fig. 2.— Radii of shock fronts (thick lines) and CME (thin lines)
as functions of time for three initial CME radii. Vp = 1000 km s−1.
Curves 1, 2, and 3 correspond to Rp0 = =1, 2, 3, respectively.
where β = 1, ν1 = 10
−3 Hz, and ν0 = 5 × 10−2 Hz.
It is expected that for ν > ν0 the spectrum will be
softer. In the calculations, we use Kolmogorov’s power-
law index β = 5/3, the same as in the inertial part
of the spectrum in interplanetary space ( Tu & Marsch
1995). The ratio ν = k(w + δνca)/(2pi) and the condi-
tion of particle resonance scattering k = ρ−1B results in
ν/ν0 = (p0/p) (B/B⊙)(w + δwca)/ca⊙, where p0/mpc =
eB⊙ca⊙/(2piν0mpc
2), and δν = (E
+
ν − E−ν )/Eν . We de-
termine the diffusion coefficient from the spatial energy
density of waves with ν ≥ ν0, which provides the particle
scatterings: Ew(ν ≥ ν0) = Ew⊙/[1 + (β − 1) ln(ν0/ν1)]
and ν0Eν0 = (β − 1)Ew(ν ≥ ν0). Here Ew⊙ = Ew(ν ≥
ν1) is the total energy density, which can be found from
the ratio Ew⊙ = F⊙/ca⊙, where F⊙ is the energy flow
density of waves moving from the Sun, and w⊙ ≪ ca⊙
is used. In the calculation, we use F⊙ ≃ 5 × 105
erg cm−2s−1) (Berezhko & Taneev 2013, and references
therein). Hence, we get the expression for the particle
diffusion coefficient
κ = κpκr, (6)
where
κp = κ0
(p/mpc)
3−β√
1 + (p/(mpc))
2
,
κr = (r/R⊙)
δ−4β+2
(
w⊙/ca⊙ + δνn
0.5
1
n1
)β−1
,
κ0 = mpc
3B⊙(p0/(mpc))
β−1/
(
32pi2eν0Eν0
)
, Ew(ν ≥
ν0) = 4.35× 10−3 erg cm−3, and n1 = n/n⊙.
In our calculation, we take into account the particle
diffusion along the magnetic field only, and, as mentioned
above, we assume that κ ≡ κ‖ . Particle diffusion across
the magnetic field is not considered because according to
the results of the two-component (2D-slab) turbulence
theory in the inner heliosphere, κ⊥ ≪ κ‖ (Zank et al.
2004).
SEP spectra generation in the solar corona mainly de-
pends on the diffusion coefficient. The properties of the
Alfven turbulence spectrum used are, in fact, free pa-
rameters. They can be determined from the comparison
of the model calculations to the observation results of
SEPs. The dependences of the diffusion coefficient on
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Fig. 3.— Dependence of the diffusion coefficient on energy for
β = 5/3.
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Fig. 4.— Dependence of the diffusion coefficient on radius for
various β and δ. Curve 1 is for β = 3/2 and δ = 5, curve 2 is for
β = 5/3 and δ = 5, curve 3 is for β = 5/3 and δ = 4.7, curve 4 is
for β = 3/2 and δ = 4, and curve 5 is for β = 5/3, δ = 4.
energy for β = 5/3 and on radius for various β and δ are
shown in Figures 3 and 4, respectively.
4. RESULTS AND DISCUSSION
The formulated problem, Equations (1)–(6) with edge
conditions of f (r →∞, p, t) = 0, and (∂f/∂r)|Rp = 0
has been solved numerically. The solution algorithm
for the particle transport equation is similar to the one
developed by Berezhko et al. (1996) to describe cosmic-
ray acceleration in supernova remnants. For the Alfven
wave distribution with direction, we adopt E+ν /Eν = 0.7,
E−ν /Eν = 0.3 and thus δν = 0.4 in all calculation
cases. Figure 5 shows the accelerated particle inten-
sity of J (εk) = p
2fp at the shock front, which de-
pends on the kinetic energy, for three shock front radii
of Rs = 4, 5, 6 with the following parameters: β = 5/3,
δ = 5, κ1 = κpκr, κ2 = κp, Vp = 1000 km s
−1, and
Rp0 = 3. We assume that the above parameters are stan-
dard and will only mention if they differ in the sequel. In
the energy range of εinj ≤ εk ≤ εm (t), a region of power-
law spectrum is formed, the index of which corresponds
to the stationary spectrum of qJ = (qf − 2) /2 ≈ 1.25,
where qf = 3σef/ (σef − 1) = 4.5 is the power-law in-
dex of the particle spectrum accelerated by the plane
shock front with σef = u
′
1/u
′
2 = 3. The characteristic
value of εm(t) limiting the power-law spectrum region
is equal to the energy of particles whose time of cyclic
movement in the vicinity of the shock front equals to the
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Fig. 5.— Particle intensity at the shock front as a function of
kinetic energy for three shock radii of Rs = 4, 5, 6, they are denoted
by digits 1, 2, and 3, respectively. The initial CME radius is 3R⊙.
The ↓ synbols mark the values of εm(t) limiting the power-law
spectrum region. The ↑ symbols mark the values of ε2(t) denoting
the cutoff region width. The thin line is the modulation parameter
g. The parameter value scale is the same as on left axis of the
figure.
average time tk defined in the Appendix, Equation A4.
The value of εm (t), indicated in Figure 5 by downward
arrows, changes in time, as in the acceleration by the
plane shock front. The value of εm (t) = εinj(pm/pinj)
2
is
defined by Equation (A9), in the Appendix.
The decrease of the spectrum amplitude at the power-
law spectrum region is caused by the spatial distribution
of matter density in the solar atmosphere. The slight
increase of injection energy is due to the increase of the
shock speed (the lowest curve in Figure 1). The cutoff
region of the spectrum adjoins to the power region. The
physical reason for the cutoff formation is the disper-
sion of the cyclic movement time relative to the average
time tk. The spectrum shape in the cutoff region is an
important parameter since high-energy SEPs form this
region. The values of ε2 (t) determine the width of the
cutoff region and are marked by the upward arrows in
Figure 5. Values of ε2 are calculated according to equa-
tion (A7). As can be seen from the figure, the ratio
ε2/εm does not depend on time. Note that the ratio
of J (ε2, t) /J (εm, t) calculated for the plane shock front
exceeds the value from our calculation is approximately
10 times. The difference is apparently due to different
geometry. We calculate the particle acceleration up to
Rs = 6. Then the acceleration becomes ineffective due
to a geometrical factor. The influence of the shock front
size on particle acceleration is taken into account through
the modulation parameter g = RsVs/κ1(Rs, εk). Par-
ticles with g ≤ 1 intensively leave the vicinity of the
shock front. It is the phenomenon of particle escap-
ing which describes the injection of accelerated parti-
cles into the environment with monotonically changing
parameters (Berezhko et al. 1996). The dependence of
acceleration efficiency on the modulation parameter can
be explained as follows: (1) the particles during cyclic
movement move away from the shock front move away
on a distance of the diffusive length L ≈ κ1(Rs, εk)/Vs,
and (2) the acceleration efficiency depends on the ratio
between L and Rs: if L ≪ Rs, particles return to the
shock front and are accelerated; if L ≥ Rs, particles may
not return and their acceleration is suppressed. In Fig-
ure 5 the thin curve shows the modulation parameter for
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Fig. 6.— Spatial distribution of particle intensity in relative
units. The digits 1, 2, 3, and 4 denote the particle intensity with
εk = 1 MeV for four shock radii Rs = 3.5, 4, 5, and 6, respectively.
The left boundary of the spatial distribution behind the shock front
coincides with the piston radius.
Rs = 6. The parameter value scale is the same as on left
axis of the figure.
Figure 6 presents the spatial distribution of particle in-
tensity in relative units with εk = 1 MeV for Rs = 3.5,
4, 5, and 6. As we can see from Figure 5 the particle in-
tensity for this energy at Rs = 4 has almost reached the
stationary value. Accordingly, its spatial distribution is
similar to that of the stationary shape: the distribution
is exponential ahead of the shock front, and an interval
of constant value forms behind the shock front. In the
subsequent expansion, the shape of the spatial distribu-
tion ahead of the shock front remains the same. The
expansion of the volume filled with particles is caused
by the increase of the diffusion coefficient at the shock
front. The region of constant value behind the front in-
creases with time. The left boundary of the intensity
distribution behind the shock front coincides with the
piston radius. The monotonic decrease of the intensity
at the shock front at Rs > 4 is caused by the decrease of
the injection rate.
In Figure 7, the differential spectrum of the total
number of accelerated particles is plotted as a func-
tion of kinetic energy, which is defined as dN/dεk =
(4pip2/V )dΩ ∫V fp(p, r, t)r2dV , where V is the volume at
Rs = 6 per the unit of a solid angle (dΩ = 1). The curves
in the figure correspond to the spectra of the total ac-
celerated particle number ahead of and behind the shock
front as well as their sum. The distribution depends on
particle energy: there are more particles with energies
of εinj < εk < 3 MeV behind the shock front, and the
opposite for particles with energies of εk > 3 MeV.
Figures 8, and 9 show the particle intensities at the
shock front as a function of energy for initial radii of
Rp0 = 1, and 2, respectively. One can see that the smaller
Rp0 is, the higher is Vs (see Figure 1), and the more
efficient is the particle acceleration. From Figures 2, 5,
8, and 9, one can conclude that the spectrum is formed
0.2–1 hr after the beginning of CME motion. At that
time Rp = 3 – 5 and Rs = 5 – 10, and may begin an
injection of particles into interplanetary medium, which
is in agreement with observations.
Figure 10 shows the intensity of particles at the shock
front for different values of parameters. All calculations
here start at Rp0 = 3 and finish when Rs = 6. The inten-
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Fig. 7.— Spectrum of the total accelerated particle number as a
function of kinetic energy at Rs = 6. The dashed curve represents
the spectrum behind the shock front, the dotted curve represents
the spectrum ahead of the shock front, and the solid curve is their
sum of them and represents the spectrum of the total particle num-
ber.
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Fig. 8.— Particle intensity at the shock front depending on ki-
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1–5, respectively. The initial CME radius is 1R⊙.
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Fig. 9.— Particle intensity at the shock front depending on ki-
netic energy for four shock radii Rs = 3, 4, 5, 6 denoted by digits
1–4, respectively. The initial CME radius is 2R⊙.
sities marked by digit 1 in Figure 10 and digit 3 in Figure
5 are calculated with standard parameters. Curves 2–5
differ in one parameter: 2 is for κ2 = 0.1κp, 3 is with
Ew(ν ≥ ν0) = 8.7 × 10−3 erg cm−3, 4 is for δ = 4; and
5 is with Vp = 2000 km s
−1. Curve 6 represents the
total influence of the changes. The particle acceleration
rate in the regular acceleration depends on the value of
6 Petukhova et al.
−
 

56
 
54
 

5
4
 


54
43
433
43
4343
− 
436 434 433 434 436 43 43 43
4 6    
Fig. 10.— Particle intensity at the shock front depending on
kinetic energy for Rs = 6 and different parameters. See the text
for details.
κ/V 2s and it can explain the intensity changes in Figure
10. Here, the parameter κ is proportional to the sum
of diffusion coefficients ahead of and behind the shock
front.
In most cases SEP flows are measured at the Earth’s
orbit. Therefore, it is necessary to somehow connect
spectra of particles accelerated in the solar atmosphere
and ones registered in interplanetary space. The CME
itself also influences particle propagation in interplane-
tary space. The extent of the influence is determined by
the modulation parameter g = RsVs/κip(Rs, εk), where
κip is the spatial diffusion coefficient in interplanetary
space. Depending on the value of g ((1) g ≫ 1, (2)
g ∼ 1, and (3) g ≪ 1) there are three possible scenarios
for particle propagation. In the first case, the CME influ-
ences the form of the spectrum and particle spatial dis-
tribution. In observations, the first case describes ESPs
(particles with εk ≤ 10 MeV the flow of which after a
plateau reaches a maximum at the shock front). In the
second case, the CME only influences the particle spa-
tial distribution. The second scenario describes particles
with 10 < εk < 50 MeV nucleon
−1 in observations and
their constant flow value retains to CME arrival (Reames
1990). In the third case, the CME does not affect particle
propagation. In observations, these SEPs are particles
with εk ≥ 100 MeV nucleon−1. A “black box” model
(Kallenrode & Wibberenz 1997) is widely used in order
to determine SEP flows in gradual events. The parti-
cle distribution in interplanetary space from the source
can be obtained from the model; the source is assigned a
particle spectrum at the moving shock front (Heras et al.
1992, 1995; Kallenrode & Wibberenz 1997; Lario et al.
1998; Kallenrode & Hatzky 1999). The model does not
take into account the correlation of particle flow char-
acteristics with the phenomena occurring at the shock
front. Detailed dynamic and self-consistent models of the
shock propagation and particle acceleration have been
developed by Zank et al. (2000) for strong shock waves
and by Rice et al. (2003) for shock waves with arbitrary
intensities. Using these models, Li et al. (2003) have in-
vented a numerical method known as Particle Accelera-
tion and Transport in the Heliosphere (PATH) to sim-
ulate SEP events in interplanetary space. The model
includes local particle injection at the moving quasi-
parallel shock wave, diffusive shock acceleration, self-
consistent Alfven wave generation by accelerated par-
ticles, particle trapping and escape from the complex
shock, and particle propagation in the inner heliosphere.
Using the PATH method, the characteristics of heavy nu-
cleus flow (Li et al. 2005; Zank & Verkhoglyadova 2007),
and the dependence of particle flow characteristics on
the angle between the magnetic field and the normal
to the shock front, including heavy nucleus (Li et al.
2009, 2012), have been calculated. The diffusion co-
efficient used was determined from the two-component
(2D-slab) turbulence theory (Zank et al. 2004, 2006).
The distribution depends on particle energy. The com-
parison of the calculated results with specific events
(Verkhoglyadova et al. 2009, 2012), including a mixed
population of both flare and shock-accelerated particles
(Verkhoglyadova et al. 2010), shows their general agree-
ment. The agreement demonstrates that the PATH
model takes into account the main physical factors deter-
mining SEP acceleration and propagation. In this paper,
we will consider the third scenario only. The simplified
approach of particle propagation is formulated following
Berezhko & Taneev (2003). Particle propagation is de-
scribed by the transport equation for the distribution
function of f(r, p, t) in diffusive approximation:
∂f
∂t
=
1
r2
∂
∂r
(
κr2
∂f
∂r
)
+Q,
where Q = F (p)/(ΩsR
2
f )δ(t− tf ) is the source term and
F (p)/Ωs is the spectrum of the total particle number
accelerated in the solar atmosphere per unit solid angle.
The source term shows that the particles accelerated by
the time tf occupy a volume with radius Rf and will
instantly be injected into the surrounding medium when
t = tf . The solution of the equation at r ≫ Rf and
t > tf is as follows (Krimigis 1965):
f (r, p, t) =
F (p)
2Ωsr3e
1
t3∗
e−r∗/t∗ ,
where t∗ = t/T , r∗ = r/re, and T = r
3
e/κip,e. In the
calculations, the expression κ ∝ r (Berezhko & Taneev
2003) is used. The maximum of the distribution function
at r∗ = 1 occurs at t∗,max = 1/3. As a result, we can
derive the spectrum of maximal intensities as a function
of kinetic energy:
Jmax = p
2f (r∗ = 1, p, t∗,max) = 0.67
p2F (p)
Ωsr3e
. (7)
Figure 11 shows the intensity of the maximum values
in depending on the kinetic energy at the Earth’s orbit,
according to Equation (7). For the injected particles,
we use the spectra of the total number of particles at
Rs = 6 for the three variants shown in Figures 5, 8,
and 9. One can see from Figure 11 that the smaller Rp0
is, and accordingly the higher Vs is, the higher are the
particles’ flux and maximum energies.
Figure 12 presents the SEP intensity depending on
the energy at the Earth’s orbit for three GLE events
(Bombardieri et al. 2007; Krymsky et al. 2015). As we
know from observations, Vp = 1200 km s
−1 and Rp0 =
1.5 for the event on 2001 April 15 (Bombardieri et al.
2007). We use the following values in the calculation:
δ = 4, κ1 = κpκr, κ2 = κp, and Vp = 1200 km s
−1.
The process starts from Rp0 = 1.
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Fig. 12.— Intensity of the maximal values of the SEP flux as
a function of kinetic energy at the Earth’s orbit. The follow-
ing symbols denote measurements: asterisks are from 2003 Oc-
tober 28 (Krymsky et al. 2015), red circles are from 2000 July
14, and black circles are from 2001 April 15 (Bombardieri et al.
2007). Calculation curves correspond to the following parame-
ters: (1) β = 5/3, Ew(ν ≥ ν0) = 8.7 × 10−3 erg cm−3; (2)
β = 2.2, Ew(ν ≥ ν0) = 3.05 × 10−2 erg cm−3; and (3) β = 2.4,
Ew(ν ≥ ν0) = 1.1× 10−1 erg cm−3.
Rs = 6. We use β = 5/3 and Ew (ν ≥ ν0) = 8.7 × 10−3
erg cm−3 to calculate curve 1, shown in Figure 12. Ap-
parently, the maximal energy in the spectrum agrees with
the observations; however, the cutoff shape significantly
differs from the registered one.
The shape of the spectrum near cutoff energies is deter-
mined by the dependence of the diffusion coefficient on
energy. According to equation (6), κp ∝ [p/(mpc)]2−β
for relativistic energies; therefore, the diffusion coeffi-
cient decreases with the increase of particle energy if
β > 2. However, the increase of the wave spectrum
power index causes the increase of the diffusion coef-
ficient at low energies and suppresses acceleration effi-
ciency. Thus, the increase of β requires the increase of
Ew(ν ≥ ν0). Curves 2 and 3 in Figure 12 are calculated
with β = 2.2, Ew(ν ≥ ν0) = 3.05 × 10−2 erg cm−3 and
β = 2.4, Ew(ν ≥ ν0) = 1.1×10−1 erg cm−3, respectively.
One can see that in these cases, the calculated spectra
agree with the registered ones. However, the assumed
values of Ew(ν ≥ ν0) significantly exceed the standard
values. We can suggest some possible reasons for the
agreement with the standard values: (1) the values of
ν1, and ν0 in the solar atmosphere are an order of mag-
nitude greater than the used ones; (2) the wave spectrum
in the inertial region has a more complicated dependence
on frequency—for example, it consists of two parts with
different power-law indexes; and (3) the wave energy in-
creases due to the generation by accelerated particles.
We do not discuss here the difference between the cal-
culated and measured spectra at low energies εk < 100
MeV because the Krimigis model does not describe the
interplanetary propagation of particles with such ener-
gies.
5. CONCLUSION
The relationship between the CME and the shock
speeds moving in the solar atmosphere is defined from
the solution of the gas-dynamic equations. The shock
speed increases with the decrease of the initial CME ra-
dius. The accelerated particle spectra as a function of
time has been reproduced by numerical solution of the
diffusive transport equation with a set of realistic param-
eters. Depending on the initial CME radius, its speed,
and Alfven wave magnetic energy for β = 5/3, the accel-
erated particle spectrum is established at 10 – 60 minutes
after the beginning of CME motion. The maximum en-
ergies of the particles reach 0.1–10 GeV. By that time,
the CME radii are 3 – 5 R⊙ and the shock front radii are
5 – 10 R⊙, which agree with observations. The calcula-
tion results and observations are in agreement if β > 2.
However, in this case the Alfven wave magnetic energy
is significantly higher than the standard one.
The authors thank E.G. Berezhko for suggesting the
research topic. The research was supported by the Rus-
sian Science Foundation (Project No. 14-12-00760).
APPENDIX
PARTICLE ACCELERATION BY PLANE SHOCK FRONT
To estimate the accuracy of the numerical algorithm, we calculate the particle acceleration by the plane shock front,
which has a constant speed Vs and moves in infinite medium. The corresponding particle transport equation for an
isotropic distribution function fi(x, p, t) is
∂fi
∂t
= κi
∂2fi
∂x2
− wi ∂fi
∂x
+
N0u1
4pip2inj
δ (p− pinj) δ (x− xs)H (t) ,
where the subscript i can be 1 or 2, corresponding to the regions ahead of (x > xs) and behind (x < xs) the shock front,
respectively; κ1 and κ2 are the spatial diffusion coefficients; w1 and w2 = ((σ − 1)Vs + w1) /σ are the flow velocity
ahead of and behind the shock front; σ is the compression ratio; xs = xs0 +Vst is the front position; u1 = Vs−w1; N0
is the particle number density injecting at the momentum pinj; and H is the Heaviside function. In the case when the
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Fig. 13.— Particle spectrum at the shock front as a function of momentum for five successive time moments. f = f1(xs, p∗, t)/f∞ is the
relative particle spectrum and f∞ is the stationary spectrum. On the top panel, ∆ = (f − fex) /fex × 100% is the deviation of the relative
spectrum of the numerical solution from the exact solution in percent; fex is the relative spectrum of the exact solution.
coefficients κ1 and κ2 are constants and relate to each other as κ1/κ2 = σ
2, the task has an exact solution:
f1/f∞ = 0.5erfc
(√
t0
t
(a1 + a3) /4−
√
t0
t
)
+ 0.5
(
p
pinj
)a3
erfc
(√
t0
t
(a1 + a3) /4 +
√
t0
t
)
, (A1)
f2/f∞ = 0.5erfc
(√
t0
t
(a2 + a3) /4−
√
t0
t
)
+ 0.5
(
p
pinj
)a3
ea2erfc
(√
t0
t
(a2 + a3) /4 +
√
t0
t
)
,
where fi (x, p, t) /f∞ is the relative spectrum; f∞ = f (pinj) (p/pinj)
−q, with q = 3σ/ (σ − 1), is the stationary spectrum
of accelerated particles at the shock front; t0 = 4κ1/u
2
1; u2 = u1/σ; a1 = u1 (x− xs) /κ1; a2 = u2 (xs − x) /κ2;
a3 = 3 (σ + 1) / (σ − 1) ln (p/pinj); and erfc is the additional probability integral. To derive the above expressions, the
Laplace transformation in time is used.
The solution (A1) at the shock front x = xs is similar to that obtained in Berezhko et al. (1988) and Axford (1981).
Figure 13 presents the relative spectrum of accelerated particles at the shock front f = f1 (xs, p, t) /f∞ as a function of
momentum for five successive time instants. Figure 14 shows the spatial distribution of the relative particle spectrum
(f = f1(x > xs, p∗, t)/f∞, f = f2(x < xs, p∗, t)/f∞) whose momentum logarithm is 1 (ln (p∗/pinj) = 1) as a function
of distance for five successive time moments. The deviations of the corresponding values of the numerical solution
from the exact solution in percent are given at the top panels of the figures.
One can see from Figures 13 and 14 that the accuracy of the calculation depends on the amplitude of the relative
spectrum. The relative deviation does not exceed a few percent if the value is higher than 10−6. In general, the
comparison confirms the sufficient accuracy of the numerical calculation algorithm.
The exact solution (A1) describes the formation of the accelerated particle spectrum in time. The shape of the
spectrum depends on the momentum. The shape is mainly determined by the first term in equation (A1). The value
of pm (t), which separates different shapes of the spectrum, can be found from (A1) by equating the argument of the
first additional probability integral to zero. Hence, following this equation,
f (xs, pm, t) /f∞ (pm) ≈ 0.5
and
pm(t)
pinj
= exp
[
(σ − 1)
3 (σ + 1)
u21t
κ1
]
. (A2)
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Fig. 14.— Spatial distribution of the particle spectrum for five successive time moments. f = f1(x > xs, p∗, t)/f∞, f = f2(x <
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The value of pm (t) separates the momentum region of pinj ≤ p ≤ pm (t), where the spectrum is close to a stationary
one, and the region p > pm (t), where the greater the momentum, the more the spectrum deviates from the stationary
one. The width of the cutoff region can be determined by equating the argument of the first term in Equation A1 to
the value of A; √
t0
t
3
4
(σ + 1)
(σ − 1) ln
p2
pinj
−
√
t0
t
= A,
and therefore
p2
pm
= exp
[
A
√
4 (σ + 1)
3 (σ − 1) ln
pm
pinj
]
, (A3)
where Equation A2 is used. Here A defines the deviation value of the spectrum from the stationary one
f (p2, t) /f∞ (p2) ≈ erfc (A) at momentum p2. The width of the cutoff region increases with time. The tempo-
rary dynamics of the spatial distribution, shown in Figure 14, is the same for all momenta, differing by the offset.
Figures 13 and 14 show that the spatial distribution in the region ahead of the shock front becomes exponential, with
an interval of constant value being formed in the region behind the shock front. The subsequent changes in the spatial
distribution are only an expansion of the interval.
Let us consider the approximate solution of the problem of particle acceleration by the plane shock front when the
diffusion coefficients depend on momentum. Such a solution can be used to interpret the particle spectrum dependence
on task parameters.
It is known that the acceleration of particles by the regular mechanism is caused by the cyclic particle movement in the
vicinity of the shock front (Krymsky 1977; Bell 1978). Statistical characteristics of the movement, such as the average
time of tk that particles spend on k cycles, and the corresponding dispersion is d
2
k, are as follows (Forman & Drury
1983; Berezhko et al. 1988):
tk =
3
u1 − u2
∫ pk
pinj
(κ1/u1 + κ2/u2)
dp
p
, d2k = 6/ (u1 − u2)
∫ pk
pinj
(
κ21/u
3
1 + κ
2
2/u
3
2
) dp
p
. (A4)
From the comparison of tk from equation (A4) for κ1/κ2 = σ
2 with its counterpart from Equation (A2), we get
tk = t and pk = pm. Hence, the characteristic value of pm (t) is equal to the particle momentum, the time of a cyclic
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movement which is equal to the average time tk.
Using the central limit theorem of probability theory and tk, d
2
k, one can find the particles’ distribution function
(Berezhko et al. 1988):
f
f∞
= 0.5 erfc
(√
δ1tk
t
−
√
δ1t
tk
)
+ 0.5e4δ1 erfc
(√
δ1tk
t
−
√
δ1t
tk
)
, (A5)
where δ1 = t
2
k/2d
2
k. If in the approximate solution κ1/κ2 = σ
2, then the solution from Equation (A5) according to
Equation (A4) is the same as that for Equation (A1). If κ1 = κ10(p/pinj)
α
, κ2 = κ20(p/pinj)
α
, and (p/pinj)
α ≫ 1, it
follows from Equation (A4) that
tk =
κ10
u21
q
α
(
1 + σ
κ20
κ10
)(
pk
pinj
)α
, d2k =
(
κ10
u21
)2
q
α
(
1 + σ3
(
κ20
κ10
)2)(
pk
pinj
)2α
. (A6)
The solution from equation (A5) is similar to the one from equation (A1). The values of pm and p2 from equation
(A5) are obtained the same way as in Equation (A1). The result is
pm
pinj
=
(
αu21t/
(
qκ10
(
1 + σ
κ20
κ10
)))1/α
,
p2
pm
= y
2/α
∗ ,
ε2
εm
=
(
p2
pm
)2
, (A7)
where y∗ = 0.5B +
√
1 + (0.5B)
2
, B =
[
2α
(
1 + σ3(κ20/κ10)
2
)
/(q(1 + σκ20/κ10)
2
]0.5
A.
In the case of spatial dependence of the diffusion coefficients on radius, we can generalize expression (A7). Taking
into account the definition of pm(t), it is possible to write the equation
dpm
dt
=
∆p
〈t〉 = pm
(u1 − u2)
3 (κ1/u1 + κ2/u2)
, (A8)
where 〈t〉 = 4(κ1/u1 + κ2/u2)/v is the average time of one cycle of a particle; ∆pm = 4pm (u1 − u2) /3v is the average
momentum change of a particle over one cycle; and v is the particle speed (Berezhko et al. 1988). For the exact solution(
κ1/κ2 = σ
2
)
with diffusion coefficients depending on the momentum of (κ ∝ pα), after integrating equation (A8), one
can obtain Eqs (A2) and (A7). We represent the parameters by κ1 = κ10(p/pinj)
α
(r/R0)
d1 , κ2 = κ20(p/pinj)
α
, where
κ1 is the diffusion coefficient ahead of the shock front, κ2 is the counterpart behind the shock front; R0 is the spatial
scale; and Rs = RS0(t/t0)
d2 is the shock radius depending on time. In this case the diffusion coefficient at the shock
front is κ1 = κ∗(p/pinj)
α
(t/t0)
d1d2 , where κ∗ = κ10(RS0/R0)
d1 . Substituting it into equation (A8) and dividing the
variables, one can obtain
pm
pinj
=

αu21
qκ∗
t
∫
t0
dt(
t
t0
)d1d2
+ α


1/α
, (A9)
where (pm/pinj)
α ≫ 1, α = σκ20/κ∗. Equations (A3) and (A5) show that p2/pm depends on δ1 = t2k/2d2k, which,
according to equation (A4), is determined by the ratio of the squares of the diffusion coefficients. Thus, one may
assume that in this case the width of the cutoff region will still be defined by Equation (A7).
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